In this paper, we study some properties of q-Lidstone polynomials by using Green's function of certain q-differential systems. The q-Fourier series expansions of these polynomials are given. As an application, we prove the existence of solutions for the linear q-difference equations
Introduction
In the classical Lidstone expansion theorem [] , an entire function f (x) may be expanded with respect to the points  and  in the form
where A n is a polynomial of degree n +  that satisfies (i) A  (x) = x, (ii) A n () = A n () =  for n ∈ N, (iii) A n (x) = A n- (x). The polynomial A n is called Lidstone polynomial.
Ismail and Mansour [] introduced a q-analogue of Lidstone's theorem where the two points are  and . They expanded the function in q-analogues of Lidstone polynomials which are in fact q-Bernoulli polynomials as in the classical case (see Section ).
It is the object of this paper to give a q-analogue of the results of [] using the terminology and results given in [] .
This article is organized as follows. In the next section, we state the q-definitions and present some preliminaries of q-calculus which will play an important role in our main results. In Section , we define the Green's functions of certain q-differential systems which are related to q-Lidstone polynomials, and Section  gives q-Fourier expansions of these functions and for q-Lidstone polynomials. Some interesting results and relationships are obtained. In Section , we are interested in the existence of solutions to the following boundary value problem: with some conditions imposed on y.
Preliminaries
In this paper, we assume that q is a positive number less than one with In the following, we state some of the needed q-notations and results (see [] and [] ). The q-shifted fractional is defined by
The q-gamma function is defined by
Let f be a function defined on a q-geometric set A, i.e., qx ∈ A for all x ∈ A. The qdifference operator is defined by
If X is the set A q,t or A * q,t , then for n > , C n q (X) is the space of all continuous functions with continuous q-derivatives up to order n - on X. The space C n q (X) associated with the norm function
is a Banach space (see [] ). Ismail and Mansour [] defined a q-analogue of the Bernoulli polynomials B n (z; q), z ∈ C by the generating function
where the functions E q (z) and e q (z) have the series representation
; z ∈ C.
The q-Bernoulli numbers are defined by
Hence, in terms of the generating function,
Also, they defined two q-analogues of the Euler polynomials through the generating functions
Notice, E  (x; q) = e  (x; q) = , andẼ n := E n (; q) = e n (; q) for all n ∈ N  .
Proposition . For n ∈ N, the q-Bernoulli and q-Euler polynomials satisfy the following q-difference equations:
Proposition . The q-Euler polynomials E n (x; q) and e n (x; q) are given by E  (x; q) = e  (x; q) = , and for n ∈ N,
Recall that (see [] ) an entire function f has a p-exponential growth of order k and a finite type (p, k ∈ R -{} with p > ) if there exists a real number K > , α such that
The following results from [] will be needed in the sequel.
Theorem . Let  < q <  and f be a function of q - -exponential growth of order less than or equal to . Then
where A n and B n are polynomials of degree n +  defined by
Furthermore, the polynomials A n are defined recursively by A  (z) = z and, for n ∈ N, A n satisfies the second order q-difference equation
The polynomials B n are defined recursively by B  (z) =  -z and, for n ∈ N, B n satisfies the second order q-difference equation
where ε y q - is a q-translation operator defined by
The Green's function of a certain q-differential system
In this section, we consider certain boundary value problems which are related to qLidstone polynomials, and then we define these polynomials by using Green's function. Consider the following q-differential equation:
subject to the boundary conditions
where
By taking double q-integral for (.), we obtain
where c  and c  are arbitrary constants. Now, using the boundary conditions, we get
Substituting in (.), we obtain the required result. Now, consider the following equations:
Corollary . The q-Lidstone polynomials A m and B m are given by
Proof The proof follows immediately from Theorem ., Equation (.), Equation (.) and Equation (.).
where A m and B m are q-Lidstone polynomials of degree m + .
Proof From Theorem . we can verify that, for q ∈ (, ) and g ∈ C n (A * q ), the q-integral equation
Furthermore, the unique solution of the system
Replacing a k , b k and f (x) by their values in terms of g(x) as given by the q-differential system (.), we get
Therefore, according to Equations (.) and (.), we obtain the required result.
Remark . By using Theorem ., and from Equations (.) and (.), we have
Certain q-Fourier expansions
The purpose of this section is to obtain the q-Fourier series expansions of the following q-integrals:
and then to compute the series expansions of some of q-Lidstone polynomials which will be used to solve the boundary value problem (.)-(.).
First, recall that the q-trigonometric functions C q (z) and S q (z) are defined for z ∈ C by
The Fourier series expansion for any function defined on the q-linear grid A q is the following (see [, ]):
on the q-linear grid A q , where {w k : k ∈ N} is the set of positive zeroes of S q (z).
One can verify that
Lemma . Let x ∈ A * q and n ∈ N. Then
Proof By using Equations (.) and (.), the q-integral
is the solution of the q-differential system
Therefore,
From the boundary conditions, we get
Substituting the values of c  and c  into Equation (.), we obtain the required result.
Lemma . For x ∈ A * q , the following q-Fourier series expansion holds:
Proof By computing the q-Fourier series expansion of the function f (x) =  for  < x < , we get
Multiplying (.) by G  (x, q  t) and integrating with respect to t from zero to unity, we get
By using Lemma ., we get
Substituting from (.) into (.), we obtain the required series.
Lemma . For x ∈ A *
q , the following q-Fourier series expansion holds:
.
Proof Considering the function g(t) = t for  < t <  and computing the q-Fourier series of the extension of g as an odd function on [-, ], we get
Hence, the proof can be performed by using (.) similar to the proof of Lemma .. So, we will omit it.
Throughout the following results, we define the constants L k and L k as in Lemma . and Lemma ., respectively.
Note that, by using Equation (.), we get
Integrating (.) with respect to t from  to unity and using Lemma ., we obtain
Again, using Lemma ., we get
Repeating the process for n =  and n = , we obtain the following result.
Theorem . For x ∈ A *
q and n ≤ , the following expansion holds:
Remark . In the classical case, Widder [] concluded a general formula for a Fourier series of the integral of Green's functions G n for all n ∈ N. Theorem . gives a formula for the q-Fourier series of   G n (x, q  t) d q t for n ≤ , we could not put it in a closed form for all n ∈ N. However, we can verify that
where S k,n denotes a sum of q-series which converge uniformly on A * q and depend on the q-trigonometric function S q and the constants L k and L k .
Theorem . For x ∈ A * q and n ≤ , the following expansion holds:
Proof The proof is similar to the proof of Theorem . and is omitted.
The following corollary follows immediately from Theorems . and ..
Corollary . For x ∈ A *
Corollary . For x ∈ A * q and n ≤ , the q-Fourier series for the q-Lidstone polynomials A n (x) and B n (x) are given by
Proof It follows immediately from Theorem ., Corollary ., Equations (.) and (.).
Proposition . There exists a constant C such that
Proof By using Equations (.) and (.), we get
Another inequality follows from Theorem . together with the result that the series in (.) converges uniformly at each fixed point x ∈ A * q .
Proposition . There exists a constant C such that
Proof By using (.), we have
Interchanging the order of the double q-integrations and using Proposition ., we get
Hence, if we define the constant C as
we get the required result.
We end this section by computing the q-Fourier expansion of the q-Euler polynomials of degree . We start by the following lemma.
Proof By computing the q-Fourier series for the function f (x) = |x|, we obtain
In particular, when x = , this implies
Similarly, computing the q-Fourier series for the function g(x) = |x|  , we obtain
Theorem . For x ∈ A * q , the q-Fourier series for q-Euler polynomials e  (x; q) is given by
Proof By using Proposition ., we have  = e  (x; q) = D q e  (x; q).
Therefore, for x ∈ A * q , the q-Fourier expansion of the function D q e  (x; q) is
Integrating (.) from  to x, we obtain
where C is a constant of integration. This constant is obtained by putting x =  in Equation (.) and then using Lemma . and the result e  (; q) = E  () = - 
. We get C  = -
Hence,
Again, using Proposition . with n = , we get
Substituting Equation (.) into Equation (.) gives us
This implies
In the last equation putting x = , we get C  = , and hence the theorem.
Corollary . For x ∈ A * q , the following holds:
Proof The proof follows immediately from Lemma . and Theorem ..
Remark . From Equation (.), we have
Thus, by using Corollary . and Equation (.), we obtain the following relation:
Hence, this problem can be interpreted as a fixed point for the mapping T :
We define the set
Let y(x) ∈ J(A * q ). Then, from Equation (.), Remark ., Proposition . and hypotheses H  , H  and H  , we get 
Conclusion
The goal of this paper is to study some properties of q-Lidstone polynomials by using Green's function of certain q-differential systems and then to solve the following boundary value problem:
(-) n D where n ∈ N and  ≤ k ≤ n -.
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